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Abstract. In this note, we obtain the sharp estimates for the first eigenvalue of Paneitz 
O , operator for 4-dimensional compact submanifolds in Euclidean space. Since unit spheres 

■ and projective spaces can be canonically imbedded into Euclidean space, the correspond- 

| ing estimates for the first eigenvalue are also obtained. 

Q" 1. INTRODUCTION 

Given a smooth 4-dimensional Riemannian manifold (M , g), the Paneitz operator, dis- 
covered in [18], is the fourth-order operator defined by 

Pf = A 2 f -divf^R I -2Ric^df, for / G C°°(M 4 ), 

where A is the scalar Laplacian defined by A = divd, div is the divergence with respect 
to g, R, Ric are the scalar curvature and Ricci curvature respectively. Beautiful works 
on Paneitz operator P have been developed recently by Chang [4], Branson- Chang- Yang 
[2], Chang- Yang [5], Chang- Gur sky- Yang j7], and Gursky [13]. The Paneitz operator was 
generalized to higher dimensions by Branson [I]. 

In [5J dU [13 [22], the authors investigated positivity of the Paneitz operator. In analogy 
with the conformal volume in [T^j, Xu and Yang [23] defined n-conformal energy for 
compact 4-dimensional Riemannian manifold immersed in an n-dimensional sphere S n (l). 
In the same paper [23] , the upper bound for the first eigenvalue of Paneitz operator was 



bounded by using n-conformal energy. In [11], we obtained the sharp estimates for the 
second eigenvalue of Paneitz operator for compact n(n > 7)-dimensional submanifolds in 
an Euclidean space and an unit sphere. 

Assume that M n is a compact Riemannian manifold immersed into Euclidean space Mr. 
In [12] , Reilly obtained the well-known estimate for the first eigenvalue Ai of Laplacian 

^vmL Wd °- (L1) 

where H is the mean curvature of immersion M n in R N . In [20], Soufi and Ilias obtained 
the corresponding estimates for submanifolds in sphere 8^(1), hyperbolic space H Ar (— 1) 
and some other ambient spaces. Motivated by [T7], Soufi and Ilias [21] also obtained 
the sharp estimates for the second eigenvalue of Schrodinger operator for submanifolds in 
space form M. N , S N (1) and hyperbolic space M. N (—1). 



Key words and phrases. The first eigenvalue, Paneitz operator, Mean curvature. 

The second author was partly supported by NSFC grant No. 10971110. 

1 



The aim of this paper is to obtain the Reilly-type sharp estimates for the first eigenvalue 
of Paneitz operator in terms of the extrinsic geometry of the compact 4-dimensional 
sub manifold M n in space form R N and Euclidean unit sphere §i N ~ 1 . 

2. Preliminaries 

2.1. Some formulaes in submanifolds. Let M be an n-dimensional compact Riemann- 
ian manifold and let X — ( X j j X N ) : Mm- M. n be an isometric immersion of M in 
R . For a fixed point q G M, in a neighborhood of q, we can choose an unit orthonomal 
basis {ej, e a } with ej tangent to M and e Q normal to M for 1 < i < n, n + 1 < a < N. 

It is well known that ([ffij El M\) 

N 

J2\Vx p \ 2 = n, (2.1) 

P =i 

AX = J2 Ke a = nil, (2.2) 

N 

Ax p Vx p = 0, (2.3) 

P =i 

where hfj is components of the second fundamental form, where H = ~ ^„ =n+1 J^ILi ^ii e « 
is the mean curvature vector field of M, A is defined by A = diva?. Since the ambient 
space is Euclidean space, the Gauss equation imply 

R = n 2 |H| 2 - |h| 2 (2.4) 

where h, R denote the second fundamental form and scalar curvature of M, respectively. 

2.2. High order mean curvature. Let (M n ,g) be an n-dimensional submanifold in 
an N- dimensional space form R n (k), where R n (k) is Euclidean space M. N when n — 0, 
R N (1) is a unit sphere when k — 1. Suppose {ej} is a local orthonormal basis 
for r(TM") with dual basis and {e a } is a local orthonormal basis for the normal 
bundle of x : M n — > R n (k), denote = ^2 a=n+ ihfj6 a , (hy) is the vector matrix 
with respect to the frame {ei, . . . , e n } on M n . We define the following (0, 2)-tensor T r for 
r G {0, 1, . . . , n — 1}, (see [3], [121 EH]): If r is even, we set 

Tr = ^Yl $"£5 < KhMzh > ■ < 1'; , > 0< ® ^ 

?i ■ ■ -i r i 

h-jrj (2.5) 

hi 

where are the generalized Kronecker symbols and 

~T E < Kn,Kn > ■ < K-^Mrjr > ■ (2-6) 

il—ir 
jl-jr 



We also set 



Tr-l ^ _ -qi^ii— jrj ^ ^iiii' ^iaj'a > ' ' ' < h«,— 3.7V-3' h ir _ 2 j r _ 2 > h ir _ 1 j r _ 1 9i (g) 0j 

= r r Q _ w ^ (8) ^e a , 

where 

T a t, u ^ ^ v, t, ^, h a (9 R\ 

± r-lij / _ J\J°Jl->j "ililJ 11 ^ ~" li «r-3Jr-3' 11 ir-2>—2 ^ ' V-lJr-1 " V^' / 

For any even integer r G {0, 1, • • • ,n — 1}, the r— th mean curvature function and 
(r + l)-th mean curvature vector field H r+1 as follows 

ff r=A-W ( 2 - 9 ) 

r 

7 1 v 1 

n \ r + 1 
v r + 1 

where ( ^ J is the binomial coefficient. By convention, we put Hq = 1. 



2.3. Submanifolds in projective space. Let F denote the field K. of real numbers, 
the field C of complex numbers or the field Q of quaternions. Let ¥P m denote the 
m-dimensional projective space over F. The projective space FP m are endowed standard 
Riemannian metric whose sectional curvature are either constant and equal to 1 or pinched 
between 1 and 4 (F = C or Q). It is well known that there exist the first standard 
embedding of projective spaces into Euclidean spaces (see [9]). Let p : WP m — > ff m+ i(F) 
be the first standard embedding of projective spaces into Euclidean spaces, where 

H m+1 (F) = {A G M m+1 (¥)\A = A*} , 

M m+ i(F) denote the space of (m + 1) x (m + 1) matrices over F. For convenience, we 
introduce the integers 

( 1 if F = R 

d(F) = dim-aF = I 2 if F = C 
[4 if F = Q. 

Proposition 2.1. (see Lemma 6.3 in ^\) Let f : M n — > ¥P m be an isometric immersion 
and let H and It be the mean curvature vector fields of the immersion f and p o / 
respectively. Then one obtains 
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where {ej}" =1 is the local orthonormal basis ofT(TM), K is the section curvature of¥P r 
which can be expressed by 

( 1, if¥ = R; 

K(et, ej) — < 1 + 3(ej • Je-,) 2 , J is the complex structure of CP m , if¥ = C; 

[l + 3 Yll=i( e i ' JrZj) 2 , Jr is the quaternionic structure of QP m , if¥ = Q 

In fact, one can infer that 

- | H j 2H _ 2£«+il j forMP m 

|H'| 2 = <J |H| 2 + ^±i) + a, E? i=1 (e, • Je,) 2 < |H| 2 + for CP™ 

|H| 2 + ^ + ^ Er=i( e * " W < |H| 2 + ^ for 



i.e. 



|HT<|Hp+ 2( " + d(F)) (2.11) 
n 

where the equality holds if and only if M is a complex submanifold of CP m , for the 
case CP m ; the equality holds if and only if n = (mod 4) and M is a quarternionic 
submanifold of QP m , for the case QP m . 

3. Compact submanifolds in Euclidean space 

Assume that M 4 is a 4-dimensional compact Riemannian manifold and isometrically im- 
merse into Euclidean space K. . Let X = (x l , . . . ,x N ) : M 4 — )■ R N be the position 
vector of M 4 in IR^. The eigenvalue problem for Paneitz operator refer to 

Pf = Af, /eC°°(M 4 ). (3.1) 

For the first eigenvalue of Paneitz operator, we have 

Theorem 3.1. Assume that M 4 is a 4-dimensional compact Riemannian manifold iso- 
metrically immersed in Euclidean space M. N . Let Ai be the first nonzero eigenvalue of 
Paneitz operator, then 

(l6 j MA \H\ 2 d v + lj M R dv) J M4 \B\*dv 
Vol 2 (M 4 

where Vol(M A ) is the volume of manifold M 4 . Moreover, if N = 5, then the equality holds 
in (CO)) if and only if M 4 is a hypershere in R 5 ; if N > 6, and the equality holds in ( Iff.ffl) . 
then M 4 is a minimal submanifold of some hypersphere in Mr. 

Proof. Since all the quantities appearing in (13. 2 h is independent of the choice of origin, 
we may, without loss of generality, assume that the center of gravity of X is located at 
the origin; that is, 

f Xdv = 0. 

By min-max principle, using the coordinates functions x p (1 < p < N) as test functions, 
we obtain 

Ai f \X\ 2 dv< [ (X,PX)dv (3.3) 
4 



\ J 1VI 1 1 ^ JJW / J IVl 1 1 , 



where (, ) is Euclidean inner product. 

Now we will calculate the term J M4 (X, PX)dv in the following, 

TV 

(X,PX)dv= [ (X,A 2 X)dv + [ y2((2R ij --R5 ij )a%) x p dv 

M 4 JM 4 JM 4 ~± ^ 3 i3 

f N 2 
\AX\ 2 dv- / y^(2Rij-~R5ij)(a%,aZ)dv 
Jm 4 v 3 / 
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\AX\ z dv - / ( 2Ri 4 - -RSa )8udv 

M 4 JM 4 



i / \H\ 2 dv + - / i&Zv. 
'm 4 3 



Therefore, we obtain 



Ai / \X\ 2 dv < 16 / \H\ 2 dv + - / flcfo. (3.4) 
jm 4 Jm 4 3 J M 4 

Multiply J M4 |H| 2 in both sides, then 

Ai f \X\ 2 dv [ \H\ 2 dv< (16 f \H.\ 2 dv + - [ Rdv) [ \H\ 2 dv. (3.5) 
Jm 4 Jm 4 V Jm 4 3 J m a J J M i 

By Cauchy-Schwartz inequality, we obtain 

(f (X,H)dv) < [ \X\ 2 dv [ \H\ 2 dv. (3.6) 

\JM 4 J JM 4 JM 4 

Recall the Minkowski formula (see [19]) 



- [ (X,H)dv = Vol(M 4 ). (3.7) 
Jm 4 

From (CD) )) .{ErE ]l and (J377J , we get the inequality (j3T2|) . 

li N > 6 and the equality holds in (13. 2p . all inequalities become qualities from (13. 3p to 
( 13. 7p . The equality holds in (13. 6p . then 

H = cX, c is constant. (3-8) 

The Minkowski formula (13.71) implies the constant c ^ 0. Since 

d{X, X) = 2{dX, X) = 0, 

it follows that 

\X\ = r = constant. 

Hence M 4 is a immersed submanifold into a hypersphere S N ~ 1 (r) in R . Assume that 
h(u,v) is the second fundamental form of § 7V_1 (r) in M , where are the tangent 
vectors of M 4 . We have the following the relation (See (3.5) of P. 79 in [8]) 

X 4 

H = H+-2^/i(e i ,e i ) 

i=l 
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where {ej} 4 =1 is the orthonormal basis in T(TM A ), H is the mean curvature vector of M A 
in S' Ar_1 (r). Since h(e ir ej) = —j^dijX, we have 

H = H--^X (3.9) 

From (13. 8p . we have H = 0, i.e., M A is a minimally immersed submanifold in a hypersphere 
S N -\r). 

For N = 5, that is, M 4 is a hypersurface in M 5 , the proof follows in much the same way, 
we omit it here. □ 

Corollary 3.2. Assume that M A is a compact 4- dimensional Riemannian manifold iso- 
metrically immersed in Euclidean space M N . Let Ai be the first nonzero eigenvalue of 
Paneitz operator, then 

In particular, equality holds in ^3. 10\) if and only if M A is a round sphere. 

Proof. From Gauss equation, we get 

R 

By Cauchy-Schwartz inequality |h| 2 > 4|H| 2 , we obtain 



R= 16IHI 2 - Ihl 2 . 



.R^^IHI 2 . (3.11) 
Combining ( 13 .21) with ( 13.111) . we deduce the estimate (13.101) . 

If the equality holds in ( 13~T0|) . then |h| 2 = 4|H| 2 , so we have M is a round sphere. □ 

Corollary 3.3. Assume that M A is a compact ^-dimensional Riemannian manifold iso- 
metrically immersed in Euclidean space Mr. Let A\ be the first nonzero eigenvalue of 
Paneitz operator, then 

Ai < 24 Jm ' ' . 3.12 
Vol(M A ) V ; 

The equality holds if and only if M 4 is a round sphere. 
Proof. From Cauchy-Schwartz inequality, we get 

f \H\ 2 dv\ = ( [ |H| 2 • Idv) < Vol(M 4 ) f \H\ A dv. 

J M* J \JM A J J M 4 

Then by inequality fl3~T0|) . f l3~T2|) holds. □ 

Corollary 3.4. Assume that M A is a compact ^-dimensional Riemannian manifold iso- 
metrically immersed in Euclidean space Mr. Let Ai be the first nonzero eigenvalue of 
Paneitz operator, then 
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(1) IfN>6, then 

Aif/ H 2 dv) < ( 16 / \H\ 2 dv + l [ Rdv) [ \H 3 \ 2 dv, (3.13) 

If equality holds in A3.13\) and H 3 does not vanish identically, then M A is a im- 
mersed submanifold with H 3 = cX in some hypersphere in W N for some constant 
c. 

(2) IfN = 5, then 

Ai ( I H^dv) < (id [ \H\ 2 dv + l [ Rdv] [ \Hi\ 2 dv, i = 1,2,3,4. (3.14) 
\Jm 4 / V Jm 4 3 J M i J J M i 

Equality holds in Jff. 1$ if and only if M 4 is a round sphere in M. 5 . 
Proof. (1) Multiplying J M4 |H 3 | 2 both sides in , we get 

Ai / \X\ 2 dv I \H 3 \ 2 dv < [16 [ \H.\ 2 dv + ^ f Rdv) I \H 3 \ 2 dv. (3.15) 

J M 4 J M 4 V JM 4 3 J M 4 J J M 4 

From Cauchy-Schwartz inequality 

f (X,H 3 ) 2 dv< [ \X\ 2 dv [ \H 3 \ 2 dv 
Jm 4 Jm 4 Jm 4 

and Minkowski formula in [19] 

- I (X,U 3 )dv= [ H 2 dv, 
Jm 4 Jm 4 

the inequality (13. 131) holds. 

From the basic facts for Cauchy-Schwarz inequality, this implies that H 3 = cX for 
some constant c. By hypothesis, H 3 does not vanish identically, we have c ^ 0. Since 
d\X\ 2 = 2(X, dX) = 0, it follows that \X\ = const., so X map M 4 in to a hypersphere of 
R N . 

(2) Multiplying J H 2 both sides in (13. jj) , then we have 

A 1 [ \X\ 2 H 2 dv < [ 16 f \H\ 2 dv+- [ Rdv) f H 2 dv. (3.16) 
J m 4 V Jm 4 3 J M i J J m a 

From Cauchy-Schwartz inequality 

/ (X,H ie5 ) 2 dv< [ \X\ 2 H 2 dv 
Jm 4 Jm 4 

and Minkowski formula in [19] 

- / (X,Hie 5 }dv = / Hi_xdv, 
Jm 4 Jm 4 
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where e§ is the unit normal vector field of M 4 , the inequality (13. 131) holds. If the equality 
holds in A3. 14)) . we have Hie$ = cX from the Cauchy-Schwarz inequality for some constant 
c. Since 

d(X,X) = 2{dX,X) = 0, 
it follows that \X\ = r = const.. Therefore, we have M 4 is a sphere in M 5 . □ 

4. SUBMANIFOLDS IN SPHERES AND PROJECTIVE SPACES 

Since the unit sphere and projective spaces admit canonical embedding into the Euclidean 
space, we will obtain the corresponding estimates for the first eigenvalue of Paneitz oper- 
ator. 

Theorem 4.1. Assume that M 4 is a ^-dimension compact Riemannian manifold and 
isometrically immerses into the unit sphere S^ -1 c M^ -1 . Let A x be the first nonzero 
eigenvalue of Paneitz operator, then 

32 f Mi \H\*dv + I f M4 Rdv 



Vol(M*) 



i r„ r ,„ l2 . 2 



Ai < 16 + 

+ ( 16 I \H\' 2 dv + - i Rdv) \H\' 2 dv. 

Vol 2 (M*) V Jm* 3 J M * J Jm* ' ' 

Moreover, if the equality holds in \4-l\ )> then M A is a minimal submanifold in unit sphere 
§ N ~ l . 

Proof. Since the unit sphere can be canonically imbedded into Euclidean space, we have 
the following diagram 

M 4 — ^§ N ~ l (4.2) 




where H' is the mean curvature vector of M 4 in Euclidean space M N . 
By the theorem 13.11 and |H'| 2 = |H| 2 + 1, we obtain 



Ai< 



IV 



16 J A/4 (|H| 2 + l)dv + | J M4 Rdv ) ( J M4 (|H| 2 + l)d 
Vol 2 (M 4 ) 

(l6Vol(M 4 ) + 16 J M4 \H\ 2 dv + | j M4 Rdv) (J M4 \H\ 2 dv + Vol(M 4 )) 

Vol 2 (M 4 ) 

=16 1 1 + Imi^I±) + 16 i h ' 2 ^ + § 1* Rdv 



Vol(M 4 ) J Vol(M 4 ) 
(16 f M4 \U\ 2 dv + § J M4 Rdv) f M4 \H\ 2 dv 



Vol 2 (M 4 

Therefore we get (14. ip . 



It is well known that the mean curvatures H' and H obey 

H' = H - X, (4.3) 

where X is the position vector field of M 4 in unit sphere S N ~ 1 . From Theorem 13. 1[ if the 
equality holds in ( I4.ip . then 

H' = cX, for some constant c. 

From (14.31) . if the equality holds in fl4.ll) . then M 4 is a minimal submanifold in S^ -1 . □ 

From fl3~T0|) . fl3~T2|) and 



2 IUI2 

< 12(|H| 2 + 1) 



R= 12 + 16|H| 2 - |h 

|2 



we get from Theorem 14.11 

Corollary 4.2. Assume that M 4 is a ^-dimension compact Riemannian manifold and 
isometrically immerses into the unit sphere S^ -1 C M^ -1 . Let Ai be the first nonzero 
eigenvalue of Paneitz operator, then 

Ai<T7^f / (\H\ 2 + l)dv) 2 (4.4) 



Vof(M 4 ) \J Mi 
and 

A ^^)/ M .(^ 2 + 1 ) 2 ^ (45) 

Moreover, the equalities hold in ljj4-4\ ) an d i4-°V if an d only if M 4 is a totally geodesic 
submanifold in unit sphere E> N ^. 

Since there is a canonical imbedding from ¥P m (¥ = M, C, Q) to Euclidean space H m+ i(¥), 
then for compact manifold M 4 isometrically immersed into the projective space FP m , we 
have the following diagram 

M 4 H > FP m (4.6) 

\. p 

H' X " 

H m+1 (¥) 

where H' is the mean curvature vector field in Euclidean space H m+ x(¥). From the relation 
( 12. lip and Theorem 3.1, it follows 

Theorem 4.3. Assume that M A is a compact Riemannian manifold isometrically im- 
mersed into the projective space ¥P m , Let Ai be the first nonzero eigenvalue of Paneitz 
operator, then 

Al <4(4 + d(F)) 2 + — i— (4 + d(F))fl6 / \H\ 2 dv + \j Rdv 

Vol{M 4 ) V. Jm* 3J M 4 

(16 J M4 \H\Hv + | J M4 Rdv) {J M4 \H\*dv) { ■ } 

Vol 2 (M*) 
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5. Eigenvalue of Paneitz-like operator 



In this section, we will give the Reilly-type inequalities for Paneitz-like operator for n- 
dimensional (n > 4) compact submanifolds in Euclidean space. 

The eigenvalue problem for Paneitz-like operator refer to 

K,bf = A 2 / " div(aR I + bRic)df = A/, / e C°°(M n ) (5.1) 

where constants a and b satisfies na + b > 0. When n = 4, a = | and 6 = —2, 6 is the 
Paneitz operator. 

Taking the similar argument as Paneitz operator, the theorems in section 3 and section 4 
can be generalized: 

Theorem 5.1. Assume that M n is a compact n- dimensional Riemannian manifold iso- 
metrically immersed in Euclidean space M N . Let A\ be the first nonzero eigenvalue of 
Paneitz-like operator P' ab , then 

(V / \H\ 2 dv + {na + b) j M4 Rdv) ( / | H\"dv) 
A i < 97 ; — (5-2) 

where Vol(M n ) is the volume of manifold M n . Moreover, the equality holds in A5.2\) . M n 
is a minimal submanifold of some hypersphere in 1BL N . 

Corollary 5.2. Assume that M n is a compact n-dimensional Riemannian manifold iso- 
metrically immersed in Euclidean space Mr. Let Ai be the first nonzero eigenvalue of 
Paneitz-like operator, then 

Al < n [n + („ _ l) (riQ + b)] (5.3) 

The equality holds if and only if M n is a round sphere in M. N . 

Corollary 5.3. Assume that M n is a compact n-dimensional Riemannian manifold iso- 
metrically immersed in Euclidean space Mr. Let Ai be the first nonzero eigenvalue of 
Paneitz-like operator, then 

(1) If N > n + 2 and r is an even integer, < r < n — 1, then 

Ai ( [ H r dv) <(n 2 [ \H\ 2 dv + {na + b) [ Rdv] [ \H r+1 \ 2 dv; (5.4) 

(2) If N — n+l and r is any integer, < r < n, then 



2 



/ \H\ 2 dv + (na + b) [ Rdv) [ \H r \ 

J M A J M 4 / J M A 



Ally Hr^dv) <(n 2 i \H\ 2 dv + (na + b) i Rdv) \H r \ 2 dv. (5.5) 
Equalities hold in case (2), M n is a sphere in M. n+l . 
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Theorem 5.4. Assume that M n is a n- dimension compact Riemannian manifold and 
isometrically immerses into the unit sphere S^" 1 C Mr. Let Ai be the first nonzero 
eigenvalue of Paneitz operator, then 



Ai <n + 



2n 2 f M4 \ H\ 2 dv + (na + h) J M4 Rdv 



+ 



Vol{M") 

n\j Mi \H\ 2 dvf + {na + b) f M < |i3l 2 ^ f M < Rdv 1 ' ) 

Vol 2 (M n ) 

Corollary 5.5. Assume that M n is a n-dimension compact Riemannian manifold and 
isometrically immerses into the unit sphere S^" 1 C Mr. Let Ai be the first nonzero 
eigenvalue of Paneitz-like operator, then 

^ < n [n + (n - l)(no + 6)] ( Jyjj^ + l) • (5-7) 

Theorem 5.6. Assume that M n is a compact Riemannian manifold isometrically im- 
mersed into the projective space ¥P m , Let A\ be the first nonzero eigenvalue of Paneitz-like 
operator, then 



Al <4n»(l + M) +2 (l + M) (2n^na + 6) 



+ 



r J M 4 l-Hj 2 ^ + (na + 6) J M4 (Hj 2 ^ J M4 Rdv 
Vol 2 (M n ) 



Vol(M n ) 

(5i 
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